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1 A�

½Â. eAbel+Gþ�E�¼êχ : G→ C÷v

χ(gh) = χ(g)χ(h), ∀g, h ∈ G

=χ´+G→ C∗�Ó�§K¡χ´+G�A�( character).eéu?¿G¥���g§χ(g) = 1K¡χ´²�

A�( trivial character)½ü A�(unit character).

5¿�éu?¿Abel+G�A�χÚ?¿+���g§|χ(g)| = 1.ùÏ�G´k�+§Ï
éu?¿��g§

g|G| = 1§�χ(g)|G| = 1§=χ(g)´ü �§�|χ(g)| = 1.u´§χ(g)−1 = χ(g).

eG´Abel+§PĜ�G�¤kA�§¿D�¦{

χ1 · χ2(g) = χ1(g) · χ2(g),

¡Ĝ�G�éó+(dual group).

·K1.1. �H´k�Abel+G�f+.?¿H�A��±*Ü�G�A�.

Proof. éH3G¥��ê(G : H)�8B{.e(G : H) = 1§K®²�¤y².ÄK§�3g ∈ G¦�g /∈
H.�n´÷vgn ∈ H���g,ê§

2 ��'X

�V´k�Abel+Gþ¤k�E�¼ê|¤�8Ü§§g,´��C�þ�m.N´�y

πg(x) :=

{
1 x = g

0 x 6= g
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2 ��'X 2

´V��|Ä§u´dim V = |G|.3Vþ�±½Â��HermiteSÈ

(f, g) :=
1

|G|
∑
x∈G

f(x)g(x)

Ù¥§ùp�¦Ú´éG¥¤k���?1�.·�ïÄA���¡Ï�§kûÐ��ê5�§,��¡Ï�

¤k�A�|¤
V��|Ä.

Ún2.1. eχ : G→ C´Abel+Gþ��²�A�§@o∑
x∈G

χ(x) = 0.

Proof. duχ´�²�A�§u´�3g ∈ G¦�χ(g) 6= 1§�·�k

χ(g)
∑
x∈G

χ(x) =
∑
x∈G

χ(g)χ(x) =
∑
x∈G

χ(gx) =
∑
x∈G

χ(x),

�����ªÏ��¦C��gx��HG¥¤k��.u´·K�y.

½n2.1. k�Abel+Gþ�¤kA�|¤V���f8.

Proof. �d§·�I��yü�¯�§Äk|χ(g)| = 1§u´

(χ, χ) =
1

|G|
∑
g∈G

χ(g)χ(g) =
1

|G|
∑
g∈G

|χ(g)|2 = 1.

,��¡§eχ1, χ2´ØÓ�A�§@o

(χ1, χ2) =
1

|G|
∑
g∈G

χ1(g)χ2(g) =
1

|G|
∑
g∈G

χ1(g)χ2(g)
−1 =

1

|G|
∑
g∈G

(χ1 · χ−12 )(g).

w,χ1 · χ−12 ´Ĝ¥���§�χ1 · χ−12 ´A�.�χ1 6= χ2§Ï
χ1 · χ−12 �²�.�âÚn§����¦Ú�0§

�y.

e¡�½n´��!�Ì�(J§�´ïák�Abel+þFourier©Û�Ø%µ

½n2.2. k�Abel+Gþ�¤kA�|¤V���Ä.

Proof. dc¡�½n§�Iy²¤kA�Ü¤V=�.
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3 FourierXê9_C�úª

y3§·�a'Fourier©Û��{§ïáe¡�X�(J.�½Abel+GÚþ¡�E�¼êf§�χ´G�

A�.½Âf'uχ�FourierXê(Fourier coefficient)�

f̂(χ) := (f, χ) =
1

|G|
∑
x∈G

f(x)χ(x),

�f�Fourier?ê(Fourier series)�

f ∼
∑
χ∈Ĝ

f̂(χ)χ.

�´§d�c�?ØG�A�|¤V��|Ä§u´�3����5|Ü

f =
∑
χ∈Ĝ

cχχ,

Ù¥cχ´,
Eê.�âA����'X§·�k

f̂(χ) := (f, χ) = cχ,

u´

f =
∑
χ∈Ĝ

f̂(χ)χ,

ùB´k�Abel+�FourierÐmª.d	§·��k

½n3.1 (Parseval-Plancherelúª). �f´k�Abel+Gþ�E�¼ê§@o||f ||2 =
∑

χ∈Ĝ |f̂(χ)|2.

Proof. duG�A�|¤V��|��Ä§�f̂(χ) = (f, χ)§u´

‖f‖2 = (f, f) =
∑
χ∈Ĝ

(f, χ)f̂(χ) =
∑
χ∈Ĝ

|f̂(χ)|2.


